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The analytical expressions for the time-dependent cross-correlations of the translational and rota-
tional Brownian displacements of a particle with arbitrary shape are derived. The reference center is
arbitrary, and the reference frame is such that the rotational-rotational diffusion tensor is diagonal.
In general, the diffusion and mobility matrices of a par-
ticle depend on the choice of the reference center which is
used to describe the rotational and translational motion.
The requirement that the rotational-translational mobil-
ity matrix µrt is symmetric defines uniquely the so-called
center of mobility. In Ref. [1], this center was used to an-
alyze the Brownian motion of a particle with arbitrary
shape, and the corresponding analytical expressions for
the time-dependent cross-correlations of the translational
and rotational Brownian displacements were derived.
In this note, we derive the analogical analytical ex-
pressions for the cross-correlations of the translational
and rotational displacements of an arbitrary reference
center. We denote the time-dependent position of this
center as R(t), and we introduce three mutually perpen-
dicular unit vectors u(p)(t), p = 1, 2, 3, to describe the
particle orientation at time t [1, 2]. The translational
and rotational Brownian displacements are,
∆R(t) = R(t)−R(0), (1)
∆u(t) =
1
2
3∑
p=1
u
(p)(0)× u(p)(t). (2)
Their dynamical cross-correlations are evaluated as the
averages 〈...〉0 of their products with respect to the parti-
cle positions and orientations, using the conditional prob-
ability which satisfies the Smoluchowski equation [3, 4],
with the diffusion matrix,
D =
[
Dtt Dtr
Drt Drr
]
, (3)
We adopt the frame of reference in whichDrr is diagonal,
i.e. Drrµν = Dµδµν , with µ, ν = 1, 2, 3.
When an arbitrary reference center is chosen, the ten-
sor Drt contains non-vanishing antisymmetric part. In
this case to derive the rotational-translational correla-
tions one can proceed as it is presented in Sec. VIII of
Ref.[1] with the following modification. The correlation〈
u
(p)(t)∆R(t)
〉
0
is evaluated in the analogical way as in
Eq. (79) from Ref. [1], but with another second rank ten-
sor A(p), i.e.
A
(p) = u(p) ×Drt −
1
2
u
(p)
V, (4)
where the components of vector V are given as
Vα=
∑3
µ,ν=1 ǫαµνD
rt
µν .
The resulting off-diagonal Cartesian components are,
〈∆u(t)∆R(t)〉0,αβ = −
[
(Drtαβ +D
rt
βα)
(
1
4
+
Dβ −Dγ
4∆
)
+ (Drtαβ −D
rt
βα)
(
1
6
+
D −Dα
2∆
) ]
e−f
(−)t − e−f
(1)
γ t
f (−) − f
(1)
γ
−
[
(Drtαβ +D
rt
βα)
(
1
4
−
Dβ −Dγ
4∆
)
+ (Drtαβ −D
rt
βα)
(
1
6
−
D −Dα
2∆
) ]
e−f
(+)t − e−f
(1)
γ t
f (+) − f
(1)
γ
−
Drtαβ +D
rt
βα
4
[
e−f
(2)
α t − e−f
(1)
β
t
f
(2)
α − f
(1)
β
+
e−f
(1)
α t − e−f
(1)
β
t
f
(1)
α − f
(1)
β
]
−
Drtαβ −D
rt
βα
2
[
e−f
(2)
α t − e−f
(1)
β
t
f
(2)
α − f
(1)
β
−
1− e−f
(1)
γ t
3f
(1)
γ
]
, (5)
with the convention that everywhere in this note (α, β, γ)
is a permutation of (1, 2, 3), and
f (1)α = 3D −Dα, f
(2)
α = 3(Dα +D), α = 1, 2, 3, (6)
f (±) = 6D ± 2∆, (7)
D =
1
3
(D1 +D2 +D3), (8)
∆ =
√
D21 +D
2
2 +D
2
3 −D1D2 −D1D3 −D2D3. (9)
2The diagonal Cartesian components read:
〈∆u(t)∆R(t)〉0,αα = −
Drtαα−D
rt
ββ
8
e−f
(2)
γ t−e−f
(1)
γ t
Dγ
−
Drtαα−D
rt
γγ
8
e−f
(2)
β
t−e−f
(1)
β
t
Dβ
+
Drtαα+D
rt
ββ
2
e−f
(1)
γ tt
+
Drtαα+D
rt
γγ
2
e−f
(1)
β
tt. (10)
To derive the translational-translational correlations,
the derivative (54) from Ref. [1] must be changed into
d
dt
〈∆R(t)∆R(t)〉0
=2
〈
Dtt(t)
〉
0
+ 〈V(t)∆R(t)〉0 + 〈∆R(t)V(t)〉0 . (11)
The two last terms can be then calculated by decom-
posing the vector V, defined under Eq. (4), in the frame
u
(p), p = 1, 2, 3, and using the results for
〈
u
(p)(t)∆R(t)
〉
0
obtained by the method described above.
The off-diagonal Cartesian components with α6=β read,
1
2
〈∆R(t)∆R(t)〉0,αβ =
1− e−f
(2)
γ t
f
(2)
γ
Dttαβ
+
1
2
(Drtβγ −D
rt
γβ)(3D
rt
γα −D
rt
αγ) I(f
(2)
γ , f
(1)
α ; t)
+
1
2
(Drtαγ −D
rt
γα)(3D
rt
γβ −D
rt
βγ) I(f
(2)
γ , f
(1)
β ; t)
−(Drtαβ −D
rt
βα)(D
rt
αα −D
rt
ββ) I(f
(2)
γ , f
(1)
γ ; t), (12)
where
I(f1, f2; t) =
1
f1f2
+
e−f1t
f1(f1 − f2)
−
e−f2t
f2(f1 − f2)
. (13)
The diagonal Cartesian components are,
1
2
〈∆R(t)∆R(t)〉0,αα=W (t) +
∑
σ=±
1− e−f
(σ)t
f (σ)
Dtt(σ)αα
+
∑
σ=±
3∑
β=1
P (σ)(α, β) I(f (σ), f
(1)
β ; t), (14)
where
Dtt(±)αα =
(
1
2
∓
3
4
Dα−D
∆
)(
Dttαα−
1
3
TrDtt
)
±
Dβ−Dγ
4∆
(
Dttββ−D
tt
γγ
)
, (15)
and
P (±)(α, β) = −(Drtαγ −D
rt
γα)
2
(
1
3
∓
D −Dγ
∆
)
+
[
(Drtαγ)
2−(Drtγα)
2
](1
2
∓
Dα−Dβ
2∆
)
, for α 6=β, (16)
P (±)(α, α) = −P (±)(β, α) − P (±)(γ, α), (17)
Since
∑3
α=1D
tt(±)
αα = 0, it is easy to see that W (t) is
1/6 of the mean square Brownian displacement,
W (t)=
1
6
〈∆R(t) ·∆R(t)〉0 . (18)
Moreover, it follows from our calculation that
W (t)=Dcmt+
1
3
3∑
α=1
(Drtβγ−D
rt
γβ)
2
(Dβ+Dγ)2
(
1−e−(Dβ+Dγ)t
)
, (19)
where β, γ 6= α and Dcm is the self-diffusion coefficient
referring to the center of mobility,
Dcm =
1
3
[
TrDtt −
3∑
α=1
(Drtβγ −D
rt
γβ)
2
Dβ +Dγ
]
. (20)
The importance of the center of mobility follows from
Eq. (19) – this is the only reference center for which the
mean square displacement is a linear function of time.[5]
For completeness, we remind the rotational-rotational
correlations [1], which do not depend on the choice of the
reference center. The off-diagonal elements vanish, and
the diagonal elements, α=1, 2, 3, are given by
〈∆u(t)∆u(t)〉0,αα=
1
6
−
3(D−Dα)+∆
12∆
e−f
(−)t
−
3(Dα−D)+∆
12∆
e−f
(+)t−
1
4
e−f
(2)
α t+
1
4
e−f
(1)
α t. (21)
In this work, the analytical expressions for the
cross-correlations are more complex that their analogs
in Ref. [1], but the advantage is that they apply to an
arbitrary reference center. Therefore, they can be easily
used to account for the experimental results, obtained
for any reference center. An example of the compari-
son of the theoretical expressions derived here with the
measurements (made in Ref. [2]) can be found in Ref. [6].
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